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1. INTRODUCTION
Vertex operator algebras or chiral algebras as commonly used in
.physical references are closely related to classical mathematical notions
such as Lie algebras and associative algebras. The study of tensor products
of representations for a vertex operator algebra was initiated by physicists
 w x.in order to explain fusion rules cf. MS . Mathematically, a tensor
product theory for modules for a vertex operator algebra has been devel-
w xoped in HL0]HL4, KL0]KL2 , so that the classical Clebsch]Gordon
coefficients give the fusion rules.
In classical Lie theory, both the existence and associativity of the tensor
product of two modules follow from the Hopf algebra structure of the
universal enveloping algebra of a Lie algebra. However, the tensor product
theory for vertex operator algebras is much more complicated. Especially,
the proof of the associativity is highly nontrivial.
w xUsing the tensor product construction given in HL0]HL4 , Huang has
w xestablished in H1 the associativity of tensor products under a certain
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assumption on convergence of products of two intertwining operators. In
the present paper we will give an alternate approach to Huang's result
which is based on the definition of tensor product in terms of certain
w xuniversal properties as developed in L3, L1 . Our formal variable ap-
proach yields a proof that is shorter and simpler than that of Huang. It
does not depend on the details of the construction of the tensor product.
Here we explain our approach by using the classical tensor product
theory of a Lie algebra L. The reader will find that our proof of
associativity of the tensor product for modules for a vertex operator
 .algebra is similar. For three L-modules U i s 1, 2, 3 , an intertwiningi
U3 .  .operator of type is a linear map f from U to Hom U , U such1 C 2 3U U1 2
 .  .  .that af u u s f au u q f u au for a g L, u g U . A tensor product1 2 1 2 1 2 i i
 .  .for U , U can be defined as a pair U, f , where U is a L-module and f1 2
U .is an intertwining operator of type satisfying the following universalU U1 2
property: for any L-module W and for any intertwining operator g of type
W . there exists a unique L-homomorphism c from U to W such thatU U1 2
g s c f.
To avoid an explicit construction of the tensor product module, we may
 .  .interpret U m U m U as a quadruple W , W , f , f , where1 2 3 1, 23 2, 3 1, 23 2, 3
W and W are L-modules and f and f are intertwining operator1, 23 2, 3 1, 23 2, 3
W W1 , 23 2 , 3 .  .of types and , respectively. The quadruple satisfies the follow-U W U U1 2 , 3 2 3
 .ing universal property: for any quadruple W , W , f , f , where W are1 2 1 2 i
W1 .L-modules and f is an intertwining operator of type and f is an1 2U W1 2
W2 .intertwining operator of type , there exists a unique L-homomor-U U2 3
phism c from W to W such that1, 23 1
f u f u u s c f u f u u .  .  .  .1 1 2 2 3 1, 23 1 2, 3 2 3
for u g U . Similarly, we may also interpret the tensor product modulei i
 .  .U m U m U as a quadruple W , W , f , f .1 2 3 12, 3 1, 2 12, 3 1, 2
In order to see that W and W are isomorphic L-modules, we1, 23 12, 3
 .construct two L-homomorphisms between W and W which are1, 23 12, 3
inverses to each other by using the universal properties for both W and1, 23
 .  .W . For any u g U i s 2, 3 , we obtain an element F u , u g12, 3 i i 2 3
 .  .   . . .Hom U , W such that F u , u u s f f u u u for any uC 1 12, 3 2 3 1 12, 3 1, 2 1 2 3 1
 .g U . Then all these elements form a submodule of Hom U , W .1 C 1 12, 3
Denote this module by W . Then we have an intertwining operator f of2 2
W2 .  .  .type defined by f u u s F u , u for u g U . Furthermore, we2 2 3 2 3 i iU U2 3
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W12 , 3 .   . . .obtain an intertwining operator f of type defined by f f u u u1 1 2 2 3 1U W1 2
 .s F u , u u for u g U . Then it follows from the universal property for2 3 1 i i
W that there exists a unique L-homomorphism c from W to W1, 23 1 1, 23 12, 3
such that
f u f u u s c f u f u u .  .  .  .1 1 2 2 3 1, 23 1 2, 3 2 3
for u g U . Similarly, we obtain an L-homomorphism c from W toi i 2 12, 3
W . Then it easily follows that W and W are isomorphic L-mod-1, 23 1, 23 12, 3
ules.
This paper consists of three sections. We review the analogue of
``Hom''-functor and its relation to tensor products of modules for a vertex
w xoperator algebra from L1, L3 in Section 2. Section 3 is devoted to the
proof of associativity for modules.
We would like to thank Yizhi Huang for valuable discussion.
2. TENSOR PRODUCT AND ``HOM''-FUNCTOR
 .In this section we recall some basic definitions such as weak module,
rationality, intertwining operator and tensor product and we reformulate
w xsome results in L3 . Throughout the paper, V will be a ¨ertex operator
w xalgebra. The reader is referred to B, FLM, FHL for the definition of
vertex operator algebra.
We use z, z , z , . . . for commuting formal variables.0 1
 .A weak V-module is a pair W, Y , where W is a vector space andW
 .  .ww y1 xxY ?, z is a linear map from V to End W z, z satisfying the followingW
 .  .  .  .  ..axioms: 1 Y 1, z s id ; 2 Y a, z u g W z for any a g V, u g W;W W W
 .   . .  .  .  .3 Y L y1 a, z s drdz Y a, z for a g V; 4 the Jacobi identity:W W
z y z z y z1 2 2 1y1 y1z d Y a, z Y b , z u y z d Y b , z Y a, z u .  .  .  .0 M 1 M 2 0 M 2 M 1 /  /z yz0 0
z y z1 0y1s z d Y Y a, z b , z u 2.1 .  . .2 M 0 2 /z2
w x  .for a, b g V, u g W. As observed in DLM1 , axiom 3 is redundant. We
0 . define C V to be the category of all weak V-modules with the obvious
.morphisms .
 .  .A weak V-module W, Y is called a V-module if L 0 acts semisimplyW
 .on W with L 0 -eigenspace decomposition M s [ M such that forhhg C
any h g C, dim M - `, and M s 0 for n g Z sufficiently small. Weh hqn
 .denote by C V the category of all V-modules. It is a full subcategory of
0 .C V .
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For a weak V-module W, 0 / w g W is called a generalized weight ¨ector
  . .nwith generalized weight h if there exists some n such that L 0 y h w s 0.
We write gwt w s h in this case and call w a homogeneous vector. We
 . 1 .denote by P W the set of all generalized weights of W. Let C V be the
 .category of weak V-modules W such that L 0 acts locally finitely on W
that is, for every w g W there exists a finite-dimensional subspace M of
 . .  .W which contains w and is L 0 -invariant , and such that P W :
n  .D h q Z for finitely many complex numbers h , . . . , h . Note that inis1 i q 1 n
 .this case W is a direct sum of generalized eigenspaces for L 0 .
w xA Z -graded weak V-module FZ, DLM1 is a weak V-module W,q
`  .together with a Z -grading W s [ W n such thatq ns0
a W n : W k q n y m y 1 for a g V , m , n g Z, 2.2 .  .  .m k .
 . q .where W n s 0 by convention if n - 0. Denote by C V the category of
1 .Z -graded weak V-modules. One can prove that C V is a subcategory ofq
q .C V .
One may define the notions of ``submodule'' and ``irreducible submod-
q .ule'' accordingly. A VOA V is said to be rational if the category C V is
semisimple, i.e., any Z -graded weak V-module is a direct sum of irre-q
w xducible Z -graded weak V-modules. It was proved in DLM1 that if V isq
rational then there are only finitely many irreducible Z -graded weakq
V-modules up to equivalence and any irreducible weak V-module is a
module. Consequently, this definition of rationality agrees with Zhu's
w x q . 1 .definition of rationality Z . If V is rational, then C V s C V con-
 .tains C V as a subcategory and they have the same irreducible objects. It
w x 0 . q . 1 .was proved in DLM2 that C V s C V s C V for almost all
known rational vertex operator algebras such as V , associated with aL
 .positive definite even lattice L; L l, 0 , associated with an affine Lie
 .algebra with a positive integral level l; L c , 0 , associated with thep, q
Virasoro algebra with a central charge c in the minimal series; and V h,p, q
the moonshine module.
 .Let W i s 1, 2, 3 be weak V-modules. An intertwining operator of typei
W3 . w x  ., as defined in FHL , is a linear map I ?, z from W to1W W1 2
  .. 4  .  .Hom W , W z satisfying the truncation condition 2 , the L y1 -de-C 2 3
 .  .rivative property 3 , and the Jacobi identity 4 , where Y is replaced by I.M
0 . 1 .DEFINITION 2.1. Let D be any one of the categories C V , C V ,
q .  .C V , or C V . Let W and W be two weak V-modules from the1 2
 .category D. A tensor product for the ordered pair W , W is a pair1 2
  ..M, F ?, z consisting of a weak V-module M in the category D and an
M .  .intertwining operator F ?, z of type satisfying the following univer-W W1 2
sal property: For any weak V-module W in the category D and any
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W .  .intertwining operator I ?, z of type , there exists a unique V-homo-W W1 2
 .  . morphism c from M to W such that I ?, z s c ( F ?, z . Here c extends
 4  4 .canonically to a linear map from M z to W z . We shall denote the
tensor product M by W G W .1 D 2
  ..LEMMA 2.2. Let W, F ?, z be a tensor product for the ordered pair
 .  .W ,W . Then F ?, z is surjecti¨ e in the sense that all the coefficients of the1 2
 .formal series F u , z u for u g W linearly span W.1 2 i i
  ..COROLLARY 2.3. If M, F ?, z is a tensor product for the ordered pair
 .W , W of weak V-modules in the category D, then for any weak V-module1 2
 .W in D, Hom M, W is linearly isomorphic to the space of intertwining3 V 3
W3 .operators of type .W W1 2
Remark 2.4. Just as in the classical algebra theory, it follows from the
  ..universal property that if there exists a tensor product M, F ?, z for the
 .ordered pair W , W , then it is unique up to V-isomorphism; i.e., if1 2
  ..W, G ?, z is another tensor product, then there is a V-isomorphism c
  ..from M to W such that G s c ( F. Conversely, let M, F ?, z be a tensor
 .product for the ordered pair W , W and let s be a V-isomorphism from1 2
  ..  .M to W. Then W, s ( F ?, z is a tensor product for W , W .1 2
Remark 2.5. Assuming that V is a rational vertex operator algebra
such that the fusion rules among any three irreducible V-modules are
 .finite, the existence of a tensor product in the category C V for any pair
 . w xW , W has been proved in HL1]HL4, L3 . On the other hand, it follows1 2
w x q .from L3 that tensor products exist in the category C V without
assuming the finiteness of fusion rules.
Sometimes, even if V is not rational, tensor products for certain
categories may still exist. For instance, let g be a simple Lie algebra with
 .dual Coxeter number V and let L l, 0 be the vertex operator algebra
associated with the affine Lie algebra g of level l. If l q V f Q , thenÃ q
 . w xL l, 0 is not rational. In KL0]KL2 , tensor products for a certain subcate-
1 .gory of the category C V have been constructed, although the whole
setting is at the level of affine Lie algebras rather than vertex operator
algebras.
Remark 2.6. Let V be a vertex operator algebra. Then any weak
1 .V-module W from C V has a canonical submodule decomposition W s
 .W [ ??? [ W such that P W : h q Z for i s 1, . . . , n. For any l g C,1 n i i q
 . 1 .we define C V to be the subcategory of C V with objects W satisfyingl
 .  .P W : l q Z . Let W and W be objects in the categories C V andq 1 2 l1
 . w xC V , respectively. From Theorem 5.2.17 L2 , for any l g C we have al2
 .l  .weak V-module T W , W in the category C V and an intertwining1 2 l
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lT W , W .1 2 .  .operator F ?, z of type satisfying the following universal prop-l W W1 2
 .  .erty: for any W from C V and any intertwining operator I ?, z of type3 l
W l3 .  ., there exists a unique V-homomorphism f from T W , W to W1 2 3W W1 2
 .  .  .lsuch that I ?, z s fF ?, z . One may consider T W , W as a product ofl 1 2
 .W and W in the category C V . Furthermore, there is a V-homomor-1 2 l
 .l  .ly1  .phism f from T W , W onto T W , W such that F ?, z sl 1 2 1 2 ly1
 .f F ?, z . Setl l
P W , W s P W , .  .D1 2
 .  .WgIrr V , f W , W ; W /01 2
W .  .where f W , W ; W is the fusion rule of type . Assume that there are1 2 W W1 2
 . k finitely many complex numbers h , . . . , h such that P W , W : D h1 k 1 2 is1 i
.q Z and that h , . . . , h are distinct modulo Z. Then one can show thatq 1 k
 .hithe direct sum of the T W , W for i s 1, . . . , k is a tensor product of1 2
1 . 1 .W and W in the category C V . Since C V is closed under the1 2
operation of finite sum, it is clear that tensor products exist for any pair of
1 .weak modules from C V under the above assumption.
For our purposes we need to reformulate the notion of generalized
intertwining operator and some related results as follows.
DEFINITION 2.7. Let W and W be weak V-modules in a category D of1 2
 .  . yay1  weak V-modules. An element F z s  F z g Hom W ,a g C a C 1
.. 4W z is called a generalized left intertwining operator from W to W if2 1 2
 .  .the following conditions Gl1 ] Gl3 hold:
 .Gl1 For any a g C, u g W , F u s 0 for n g Z sufficiently1 1 aqn 1
large;
 . w  .  .x  .  .  ..Gl2 L y1 , F z s F9 z s drdz F z ;
 .Gl3 For any a g V, there exists a positive integer k such that
k kz y z Y a, z F z s z y z F z Y a, z . 2.3 .  .  .  .  .  .  .1 2 W 1 2 1 2 2 W 12 1
 .Denote by G W , W the space of all generalized left intertwiningl 1 2
operators from W to W . Suppose that W and W are objects in the1 2 1 2
1 .category C V . A homomorphism f from W to W is said to be1 2
 . .  .homogeneous of generalized weight h if f W : W for h g C. A1 h 2 hqh 11 1
 . yny1generalized left intertwining operator F z s  F z is said to beng C n
homogeneous of generalized weight h if for any n g C, F is a homoge-n
neous operator of generalized weight h y n y 1. A sufficient condition for
 .this to occur is that F z satisfies the following equation:
d
L 0 , F z s h q z F z . 2.4 .  .  .  . /dz
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 .Denote by G W , W the space of all homogeneous generalized leftl 1 2 h.
intertwining operators of weight h from W to W and set1 2
G0 W , W s G W , W . 2.5 .  .  .[  .hl 1 2 l 1 2
hgC
 .  .Let E W , W be the space consisting of those F z gl 1 2
  .. 4  .  .Hom W , W z which satisfy conditions Gl1 and Gl3 .C 1 2
 .  .For any a g V, F z g E W , W , we definel 1 2
z y z1 2y1Y a, z ( F z [ Res z d Y a, z F z .  .  .  .0 l 2 z 0 W 1 2 /1 2 z0
z y z2 1y1yz d F z Y a, z , 2.6 .  .  .0 2 W 1 / 1 /yz0
or, equivalently,
m
a ( F z s Res z y z Y a, z F z .  .  .  .m l 2 z 1 2 W 1 21 2
my yz q z F z Y a, z 2.7 .  .  .  ./2 1 2 W 11
w xfor any m g Z. Then we have L3 :
 .  .THEOREM 2.8. With the action defined by 2.6 , the spaces E W , Wl 1 2
 . 0 .and G W , W are weak V-modules containing G W , W as a weakl 1 2 l 1 2
submodule.
 .  .   .. 4Define a linear map F ?, z from G W , W to Hom W , W z asl l 1 2 C 1 2
F F , z u s F z u for F g G W , W , u g W . 2.8 .  .  .  .l 1 1 l 1 2 1 1
 .For a g V, F g G W , W , we havel 1 2
F Y a, z ( F , z s Y a, z ( F z .  .  . .  . zszl 0 l 2 0 l 2
z y x1y1s Res z d Y a, z F z .  .z 0 1 /1 z0
z y z1y1y z d F z Y a, z .  .0 1 / /yz0 zsz2
z y z1 2y1s Res z d Y a, z F F , z .  .z 0 1 l 2 /1 z0
z y z2 1y1yz d F F , z Y a, z . 2.9 .  .  .0 l 2 1 / /yz0
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w xIt is well known that this iterate formula implies associativity FHL .
 .  .  .Furthermore, Gl3 gives the commutativity for F ?, x . Therefore, F ?, zl
w x.  .  .satisfies the Jacobi identity DL, FHL, L1 . If F x g G W , W , byl 1 2
definition we have
d d
F L y1 ( F , z u s L y 1 ( F z u s F z u s F F , z u . .  .  .  .  . .  .l l 1 l 1 1 l 1dz dz
2.10 .
W2 .  .Therefore, F ?, z is an intertwining operator of type . It isl G W , W W .l 1 2 1
 .  .clear that F ?, z is injective in the sense that F F, z s 0 implies F s 0l l
 . w xfor F g G W , W . Then we have L3 :l 1 2
THEOREM 2.9. Let W and W be weak V-modules in the category D.1 2
Then for any weak V-module M in the category D and any intertwining
W2 .  .operator I ?, z of type , there exists a unique V-homomorphism f from MMW1
 .  .   . .to G W , W such that I u, z s F f u , x for u g M. Consequently, thel 1 2 l
W2  ..  .linear space Hom M, G W , W is linearly isomorphic to I .V l 1 2 MW1
 .Remark 2.10. Suppose that V satisfies the following conditions: 1
 .There are only finitely many inequivalent irreducible V-modules; 2 Any
 .V-module is completely reducible; 3 The fusion rules for any three
w xmodules are finite. Then it was proved in L3 that for any pair of
 .V-modules W and W , there exists a unique maximal module D W , W in1 2 1 2
 .G W , W , the contragredient module of which is isomorphic to thel 1 2
tensor product of W with the contragredient module of W .1 2
W3 .  .Let I ?, z be an intertwining operator of type . Then for anyW W1 2
 .u g W , I u , z is generalized left intertwining operator from W to W .1 1 1 2 3
 .Symmetrically, for any u l W , I ?, z u is a generalized right intertwin-2 2 2
ing operator from W to W is defined below.1 3
DEFINITION 2.11. Let W and W be weak V-modules in the category1 2
 . yay1   .. 4D. An element F z s  F z g Hom W , W z is called aa g C a C 1 2
generalized right intertwining operator from W to W if the conditions1 2
 .  .Gr1 ] Gr3 hold:
 .Gr1 For any a g C, u g W , F u s 0 for n g Z sufficiently1 1 aqn 1
large;
 .  .  .  .  .  ..Gr2 F z L y1 s F9 z s drdz F z ;
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 .Gr3 For any a g V, u g W , there exists a positive integer k such1 1
that
k kz q z Y a, z q z F z u s z q z F z Y a, z u . .  .  .  .  .  .0 2 W 0 2 2 1 0 2 2 W 0 12 1
2.11 .
 .Denote by G W , W the space of all generalized right intertwiningr 1 2
operators from W to W . Homogeneous generalized right intertwining1 2
 .operators can be defined similarly. Denote by G W , W the space ofr 1 2 h.
all weight-h homogeneous generalized right intertwining operators from
W to W and set1 2
G0 W , W s G W , W . 2.12 .  .  .[  .hr 1 2 r 1 2
hgC
 .  .For any a g V, F z g E W , W , we definer 1 2
Y a, z ( F z .  .1 r 2
z q z2 0y1[ Y a, z F z y Res z d F z Y a, z , .  .  .  .W 1 2 z 1 2 W 0 /2 0 1z1
2.13 .
or, equivalently,
m
a ( F z s a F z y Res z q z F z Y a, z 2.14 .  .  .  .  .  .m r 2 m 2 z 2 0 2 W 00 1
for any m g Z.
 .  .. 4   ..  For any F z g Hom W , W z , we define T F z g Hom W ,C 1 2 C 1
.. 4W z such that2
T F z u s e z Ly1.F ep i z u for u g W . 2.15 .  .  . . 1 1
 .   .. 4  .PROPOSITION 2.12. Let F z g Hom W , W z . Then F z gC 1 2
 .   ..  .E W , W if and only if T F z g E W , W .l 1 2 r 1 2
  .. z Ly1.  p i .Proof. Since T F z u s e F e z u for any u g W , we see that1
  ..  .  .  .T F z satisfies Gr1 if and only if F z satisfies Gr1 . For u g W , by1
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definition we have
d dz Ly1. p i z Ly1. p iT F z u s L y1 e F e z q e F e z u .  .  .  . .dz dz
z Ly1. p i z Ly1. p is e L y1 , F e z q e F e z L y1 u .  .  .  .
d p iq F e z u .dz
dz Ly1. p i p is e L y1 , F e z q F e z u .  .  . /dz
q T F z L y1 u. 2.16 .  .  . .
 .   ..   ..  . w  .  p i .xThen drdz T F z s T F z L y1 if and only if L y1 , F e z s
 .  p i .  .  .   ..y drdz F e z . Thus F z satisfies Gl2 if and only if T F z satisfies
 .Gr2 .
For any a g V, u g W , suppose there is a positive integer m such that1
m m
z q z Y a, z q z T F z u s z q z T F z Y a, z u. .  .  .  .  .  . .  .0 2 0 2 2 0 2 2 0
2.17 .
Then
m yz Ly1.2z q z e Y a, z q z T F z u .  .  . .0 2 0 2 2
m yz Ly1.2s z q z e T F z Y a, z u. 2.18 .  .  .  . .0 2 2 0
Thus
m yz Ly1.2z q z Y a, z e T F z u .  .  . .0 2 0 2
m yz Ly1.2s z q z e T F z Y a, z u. 2.19 .  .  .  . .0 2 2 0
That is,
m mp i p iz q z Y a, z F e z u s z q z F e z Y a, z u. .  .  .  . .  .. .0 2 0 2 0 2 2 0
2.20 .
 .  .Therefore F z satisfies Gl3 . Since every step in the proof can be
 .  .   ..  .reversed, F z satisfies Gl3 if and only if T F z satisfies Gr3 .
 .  .PROPOSITION 2.13. For any a g V, F z g E W , W we ha¨el 1 2
T Y a, z ( F z s Y a, z ( F z . .  .  .  . .0 l 0 r
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Proof. By definition we have
m z Ly1. p i2T a ( F z s Res z q z e Y a, z F e z .  .  . .  .m l 2 z 1 2 W 1 21 2
m z Ly1. p i2y z q z e F e z Y a, z .  . . /2 1 2 W 11
m z Ly1. p i2s Res z q z Y a, z q z e F e z .  .  .z 1 2 W 1 2 21 2
m z Ly1. p i2y Res z q z e F e z Y a, z .  . .z 2 1 2 W 11 1
ms Res z q z Y a, z q z T F z .  .  . .z 1 2 W 1 2 21 2
my z q z T F z Y a, z .  .  . . /2 1 2 W 11
ms a T F z y Res z q z T F z Y a, z .  .  .  . .  .m 2 z 2 1 2 W 11 1
s a ( F z . 2.21 .  .m r 2
Define a linear map T as
T : E W , W ª E W , W ; .  .l 1 2 r 1 2
F z ¬ T F z for F z g E W , W . 2.22 .  .  .  .  . . l 1 2
Then we obtain
 .  .PROPOSITION 2.14. The spaces E W , W and G W , W are weakr 1 2 r 1 2
V-modules and the linear map T is a V-isomorphism.
Similarly, we have
THEOREM 2.15. Let W and W be weak V-modules in the category D.1 2
Then for any weak V-module M in the category D and any intertwining
W2 .  .operator I ?, z of type , there exists a unique V-homomorphism f from MW M1
 .  .  .  .to G W , W such that I u , z u s F u , z f u for u g W , u g M. Con-r 1 2 1 r 1 1 1
  ..sequently, the linear space Hom M, G W , W is linearly isomorphic toV r 1 2
W2 .I .W M1
3. THE ASSOCIATIVITY OF TENSOR PRODUCTS
The main goal of this section is to prove the associativity of tensor
products of three modules of a vertex operator algebra V under Huang's
convergence condition. Throughout this section, V is a fixed vertex opera-
tor algebra and we assume the existence of tensor products in either of the
 . 1 .categories C V or C V . We denote either one by D.
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Propositions 3.1 and 3.2 immediately follow from the universal property
of tensor product in Definition 2.1.
 .PROPOSITION 3.1. Let W i s 1, 2, 3 be weak V-modules in the categoryi
 .  .  .D. Let W , F be a tensor product of W , W and let W , F be a23 23 2 3 1, 23 1, 23
 .  .tensor product of W , W . Then the quadruple W , W , F , F satis-1 23 23 1, 23 23 1, 23
 .fies the following uni¨ ersal property: For any quadruple M , M , I , I ,1 2 1 2
where M , M are weak V-modules in the category D and I , I are any1 2 1, 23 23
M M2 1 .  .intertwining operators of types , , respecti¨ ely, there exists a uniqueW M W W1 1 2 3
V-homomorphism f from W to M such that1, 23 2
fF u , z F u , z u s I u , z I u , z u 3.1 .  .  .  .  .1, 23 1 1 23 2 2 3 1, 23 1 1 23 2 2 3
 .for u g W i s 1, 2, 3 .i i
It is easy to see that this universal property characterizes W uniquely.1, 23
Similarly, we have
 .  .PROPOSITION 3.2. Let W , F be a tensor product of W , W and let12 12 1 2
 .  .W , F be a tensor product of W , W . Then the quadruple12, 3 12, 3 12 3
 .W , W , F , F satisfies the following corresponding uni¨ ersal property:12 12, 3 12 12, 3
 .For any quadruple M , M , I , I , where M , M are weak V-modules in1 2 12 12, 3 1 2
M1 .the category D and I , I are intertwining operators of types and12 12, 3 W W1 2
M2 ., respecti¨ ely, there exists a unique V-homomorphism g from W to12, 3M W1 3
M such that2
gF F u , z u , z u s I I u , z u , z u 3.2 .  .  . .  .12 , 3 12 1 0 2 2 3 12, 3 12 1 0 2 2 3
 .for any u g W i s 1, 2, 3 .i i
Our main goal is to prove that the tensor product modules W and1, 23
w xW are isomorphic under Huang's convergence assumptions H1]H2 :12, 3
 .Con¨ergence and extension property for products. Let W i s 1, 2, 3, 4i
be weak V-modules in the category D and let Y , Y be intertwining1 2
W W4 5 .  .operators of types and , respectively. There exists an integer NW W W W1 5 2 3
 . X Xsuch that for homogeneous w g W i s 1, 2, 3 , w g W , there existi i 4 4
 .  . < <k g N, r , s g C i s 1, 2, . . . , k and analytic functions f z on z - 1i i i
 .such that Re gwt w q gwt w q s ) N and that1 2 i
 X :w , Y w , z Y w , z w .  .4 1 1 1 2 2 2 3
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< < < <converges in the domain z ) z ) 0 to a function which can be analyti-1 2
cally extended to the multivalued function
k z y zs 1 2ir iz z y z f 3.3 .  . 2 1 2 i  /z2is1
< < < <in the domain z ) z y z ) 0.2 1 2
 . m nLet f z , z s  a z z be a formal series which is convergent in1 2 m , n m , n 1 2
< < < <the domain z ) z ) 0 and can be analytically extended to the multi-1 2
 . < < < <valued function 3.3 in the domain z ) z y z ) 0. Then we define2 1 2
k z y zs 1 2ir iE f z , z s z z y z f 3.4 .  .  .12 1 2 2 1 2 i  /z2is1
as a formal series. It is clear that
E P z , z f z , z s P z , z E f z , z .  .  .  .12 1 2 1 2 1 2 12 1 2
" "for any P z , z g C z , z . .1 2 1 2
w " "xThis is, E is a C z , z -homomorphism.12 1 2
Con¨ergence and extension property for iterates. Let Y and Y be3 4
W W5 4 .  .intertwining operators of types and , respectively. Then thereW W W W1 2 5 3
Äexists an integer N depending only Y and Y , and for homogeneous3 4
 . X Xw g W i s 1, 2, 3 , w g W , there exist k g N, r , s g C, i s 1, . . . , kÄ Äi i 4 4 i i
Ä . < <and analytic functions f z on z - 1, i s 1, . . . , k, satisfyingi
ÄRe gwt w q gwt w q s ) N , i s 1, . . . , k , 3.5 . .Ä2 3 i
such that
 X :w , Y Y w , z y z w , z w 3.6 .  . .4 4 3 1 1 2 2 2 3
< < < <is convergent when z ) z y z ) 0 and can be analytically extended to2 1 2
the multi-valued function
k z2r sÄ Äi i Äz z f 3.7 . 1 2 i  /z1is1
< < < <when z ) z ) 0. For convenience we write1 2
k zX 212 r sÄ Äi i Ä :E w , Y Y w , z y z w , z w s z z f 3.8 .  . . 4 4 3 1 1 2 2 2 3 1 2 i  /z1is1
w xas formal power series. The following proposition can be found in H1 .
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PROPOSITION 3.3. The con¨ergence and extension property for products is
equi¨ alent to the con¨ergence and extension property for iterates.
Remark 3.4. For most of the known examples, one can check that the
w xconvergence follows from the KZ equations KZ, TK or from free field
 w x.realizations cf. BF, Fe .
 .  .For any fixed w g W i s 1, 2 , we define a linear map c w , w ; z , zi i 1 2 0 2
 4from W to W z , z as3 4 0 2
X X :  :w , c w , w ; z , z w [E w , Y w , z Y w , z w .  .  . z sz qz4 1 2 0 2 3 12 4 1 1 1 2 2 2 3 1 0 2
k z0r si is z z f . 3.9 . 2 0 i  /z2is1
 X  . :By definition, w , c w , w ; z , z w is a formal series in z and z ,4 1 2 0 2 3 0 2
< < < <which is convergent in the domain z ) z ) 0.2 0
For any w g W , w g W , we set1 1 2 2
c w , w ; z , z s c w , w , z zyny1 .  .1 2 0 2 n 1 2 2 0
ngC
s c w , w zyny1zymy1. 3.10 .  . n 1 2 0 2m
m , ngC
 .Remark 3.5. From the assumption that Re gwt w q gwt w q s ) N1 2 i
for i s 1, . . . , k, we see that there exists a real number h such that
 .c w , w , z s 0 whenever Re n ) h.n 1 2 2
PROPOSITION 3.6. For any w g W , w g W , n g C, we ha¨e1 1 2 2
c w , w , z g Go W , W . .  .n 1 2 2 l 3 4
 . X XProof. For homogeneous vectors w g W i s 1, 2, 3 , w g W , wei i 4 4
have
X :w , L 0 , c w , w ; z , z w .  .4 1 2 0 2 3
 X :s w , L 0 c w , w ; z , z w y c w , w ; z , z L 0 w .  .  .  .4 1 2 0 2 3 1 2 0 2 3
 X :  X :s L 0 w , c w , w ; z , z w y w , c w , w ; z , z L 0 w .  .  .  .4 1 2 0 2 3 4 1 2 0 2 3
X :sE L 0 w , Y w , z Y w , z w .  .  . z sz qz12 4 1 1 1 2 2 2 3 1 0 2
X :yE w , Y w , z Y w , z L 0 w .  .  . z sz qz12 4 1 1 1 2 2 2 3 1 0 2
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X :sE w , L 0 Y w , z Y w , z w .  .  . z sz qz12 4 1 1 1 2 2 2 3 1 0 2
X :yE w , Y w , z Y w , z L 0 w .  .  . z sz qz12 4 1 1 1 2 2 2 3 1 0 2
­XsE w , z Y w , z Y w , z w .  .12 4 1 1 1 1 2 2 2 3 ;­ z1 z sz qz1 0 2
X :qE w , Y L 0 w , z Y w , z w .  . . z sz qz12 4 1 1 1 2 2 2 3 1 0 2
­XqE w , z Y w , z Y w , z w .  .12 4 2 1 1 1 2 2 2 3 ;­ z2 z sz qz1 0 2
X :qE w , Y w , z Y L 0 w , z w .  . . z sz qz12 4 1 1 1 2 2 2 3 1 0 2
­XsE w , z q z Y w , z Y w , z w .  .  .12 4 0 2 1 1 1 2 2 2 3 ;­ z1 z sz qz1 0 2
­XqE w , z Y w , z Y w , z W .  .12 4 2 1 1 1 2 2 2 3 ;­ z2 z sz qz1 0 2
 X :q w , c L 0 w , w ; z , z w q c w , L 0 w ; z , z w .  . .  .4 1 2 0 2 3 1 2 0 2 3
­ X :s z w , c w , w ; z , z w .0 4 1 2 0 2 3­ z0
­ X :qz w , c w , w ; z , z w .2 4 1 2 0 2 3­ z2
 X :q w , c L 0 w , w ; z , z w q c w , L 0 w ; z , z w . 3.11 .  .  . .  .4 1 2 0 2 3 1 2 0 2 3
Thus
L 0 , c w , w .  .n 1 2 m
s yn y 1 y m y 1 c w , w q c L 0 w , w .  .  . .n 1 2 n 1 2m m
s c w , L 0 w . 3.12 .  . .n 1 2 m
Suppose that w , w , w have generalized weights h , h , h , respectively.1 2 3 1 2 3
Then we obtain
L 0 y h y h y h q n q 1 q m q 1 c w , w w .  . .1 2 3 n 1 2 3m
s c L 0 y h w , w w q c w , L 0 y h w w .  . .  . .  .n 1 1 2 3 n 1 2 2 3m m
q c w , w L 0 y h w . 3.13 .  .  . .n 1 2 3 3m
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 .Then it follows that c w , w is homogeneous of generalized weightn 1 2 m
  .h q h y n y 1 y m y 1 for m, n g C. Note that c w , w is an1 2 n 1 2 m
 . .eigenvector for L 0 if both w and w are. Since the generalized weights1 2
  .of W are truncated from below by definition recall that D s C V or4
1 ..  .  .C V , it follows that c w , w , z satisfies Gl1 . Similarly, we haven 1 2 2
X :w , L y1 , c w , w ; z , z w .  .4 1 2 0 2 3
­ ­XsE w , q Y w , z Y w , z w .  .12 4 1 1 2 2 2 2 3 ; /­ z ­ z1 2 z sz qz1 0 2
­ X :s E w , Y w , z Y w , z w .  . z sz qz12 4 1 1 1 2 2 2 3 1 0 2­ z2
­ X :s w , c w , w ; z , z w . 3.14 .  .4 1 2 0 2 3­ z2
 .  .  .Then c w , w , z satisfies Gl2 . Suppose that c w , w , z s 0 when-n 1 2 2 m 1 2 2
ever Re m ) h for some real number h. Then
res z m f z , z c w , w ; z , z s 0 .  .z 0 0 2 1 2 0 20
 . w xfor any f z , z g C z , z . For any a g V, n g C, suppose that k is a0 2 0 2
positive integer such that k q n ) h and that
k kz y z Y a, z Y w , z s z y z Y w , z Y a, z , 3.15 .  .  .  .  .  .  .1 2 1 1 1 2 1 2 1 1 2 1
k kz y z Y a, z Y w , z s z y z Y w , z Y a, z . 3.16 .  .  .  .  .  .  .1 2 1 2 1 2 1 2 2 1 2 1
Then we have
3k X :z y z w , Y a, z c w , w , z w .  .  .2 4 n 1 2 2 3
3k Xn  :s Res z z y z w , Y a, z c w , w ; z , z w .  .  .z 0 2 4 1 2 0 2 30
2k
i k2k nq2 kyis Res z y z y z z z y z .  . z 0 2 0 20  /i
is0
 X := w , Y a, z c w , w ; z , z w .  .4 1 2 0 2 3
2k
i k2k nq2 kyis Res z y z y z z z y z .  . z 0 2 0 20  /i
isk
 X := w , Y a, z c w , w ; z , z w .  .4 1 2 0 2 3
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2k
i k2k nq2 kyis Res z y z y z z z y z .  . z 0 2 0 20  /i
isk
X :=E w , Y a, z Y w , z Y w , z w .  .  . z sz qz12 4 1 1 1 2 2 2 3 1 0 2
2k
2k nq2 kyis Res E z z 12 00  /i
isk
i kX= w , z y z z y z Y w , z .  .  . 4 1 2 1 1 1
=Y w , z Y a, z Y a, z w .  .  . :2 2 2 3 z sz qz1 0 2
2k
i k2k nq2 kyis Res z y z y z z z y z .  . z 0 2 0 20  /i
isk
 X := w , c w , w ; z , z Y a, z w .  .4 1 2 0 2 3
2k
i k2k nq2 kyis Res z y z y z z z y z .  . z 0 2 0 20  /i
is0
 X := w , c w , w ; z , z Y a, z w .  .4 1 2 0 2 3
3k Xn  :s Res z z y z w , c w , w ; z , z Y a, z w .  .  .z 0 2 4 1 2 0 2 30
3k X :s z y z w , c w , w , z Y a, z w . 3.17 .  .  .  .2 4 n 1 2 2 3
0 .  .Thus c w , w , z g G W , W for n g C, w g W , w g W .n 1 2 2 l 3 4 1 1 2 2
0 .Let W be the subspace of G W , W linearly spanned by alll 3 4
 .c w , w , z for n g C, w g W , w g W .n 1 2 2 1 1 2 2
LEMMA 3.7. For any a g V, w g W , w g W , we ha¨e1 1 2 2
`
m my ia ( c w , w ; z , z s c a w , w ; z , z z .  .m l 1 2 0 2 i 1 2 0 2 0 /i
is0
y c w , a w ; z , z . 3.18 .  .1 m 2 0 2
 . X XProof. For any a g V, w g W i s 1, 2, 3 , w g W , we havei i 4 4
 X :w , a ( c w , w ; z , z w .4 m l 1 2 0 2 3
mXs Res w , z y z Y a, z c w , w ; z , z w : .  .  .z 4 1 2 1 1 2 0 2 31
mXyRes w , yz q z c w , w ; z , z Y a, z w : .  .  .z 4 2 1 1 2 0 2 1 31
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mXs Res E w , z y z Y a, z Y w , z  .  .  .z 32 4 1 2 1 1 1 31
=Y w , z w : .2 2 2 3 z sz qz3 0 2
mXyRes E w , yz q z Y w , z  .  .z 32 4 2 1 1 1 31
=Y w , z Y a, z w : .  .2 2 2 1 3 z sz qz3 0 2
z q z q zm 0 2 4y1s Res Res z y z z d .z z 1 2 1  /1 3 z1
X :=E w , Y Y a, z w , z Y w , z w .  . . z sz qz32 4 1 4 1 3 2 2 2 3 3 0 2
X :yE w , Y w , z Y a w , z w .  . z sz qz32 4 1 1 4 2 m 2 2 3 3 0 2
mXs Res ı E w , z q z Y Y a, z w , z  .  . .z 04 32 4 0 4 1 4 1 34
=Y w , z w : .2 2 2 3 z sz qz3 0 2
 X :y w , c w , a w ; z , z w .4 1 m 2 0 2 3
`
m X myi :s w , c a w , w ; z , z w z . 4 i 1 2 0 2 3 0 /i
is0
 X :y w , c w , a w ; z , z w . 3.19 .  .4 1 m 2 0 2 3
Now the lemma follows immediately.
o .It follows from Lemma 3.7 that W is a weak V-submodule of G W , W .l 1 2
W4 .  .Then we obtain a natural intertwining operator Y ?, z of type such5 WW3
 .  .  .that Y w, z s F w, z , where F ?, z is the natural intertwining opera-5 l l
W4 .tor of type .oG W , W W .l 3 4 3
 .  4For any w g W , w g W , we define Y w , z w g W z such that1 2 2 2 4 1 0 2 0
Y w , z w z s c w , w ; z , z s c w , w , z zyny1. .  .  .  . . 4 1 0 2 2 1 2 0 2 n 1 2 2 0
ngC
3.20 .
PROPOSITION 3.8. The linear map Y is an intertwining operator of type4
W ..W W1 2
Proof. For any w g W , w g W , it follows from assumption that1 1 2 2
 .there exists a real number h such that c w , w , z s 0 whenevern 1 2 2
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Re n ) h. Then it follows from the definition that Y satisfies the trunca-4
 .  . X Xtion condition I1 . For w g W i s 1, 2, 3 , w g W , by definition wei i 4 4
again have
wX , Y L y1 w , z w z w : .  . . .4 4 1 0 2 2 3
 X :s w , c L y1 w , w ; z , z w . .4 1 2 0 2 3
X :sE w , Y L y1 w , z Y w , z w .  . . z sz qz12 4 1 1 1 2 2 2 3 1 0 2
­XsE w , Y w , z Y w , z w .  .12 4 1 1 1 2 2 2 3 ; /­ z1 z sz qz1 0 2
­ X :s E w , Y w , z Y w , z w .  .12 4 1 1 1 2 2 2 3­ z0 z sz qz1 0 2
­ X :s w , Y w , z w z w . 3.21 .  .  . .4 4 1 0 2 2 3­ z0
 .  .  .Then Y ?, z satisfies the L y1 -derivative property I2 . It remains to4
 . Xprove that Jacobi identity. For a g V, w g W i s 1, 2, 3 , w9 g W , wei i 4
have
 X :w , Y a, z Y w , z w z w .  .  . .4 4 1 0 2 2 3
 X :s w , Y a, z ( c w , w ; z , z w .  . .4 l 1 2 0 2 3
z y zX 1 2y1s w , Res z d Y a, z c w , w ; z , z w .  . ;4 z 1 1 2 0 2 3 /1 z
z y zX 2 1y1y w , Res z d c w , w ; z , z Y a, z w .  . ;4 z 1 2 0 2 1 3 /1 yz
z y zX 1 2y1s E w , Res z d Y a, z Y w , z .  .32 4 z 1 1 1 3 /1 z
=Y w , z w . ;2 2 2 3
z sz qz3 0 2
z y zX 2 1y1y E w , Res z d Y w , z Y w , z .  .32 4 z 1 1 3 2 2 2 /1 yz
=Y a, z w , 3.22 .  .;1 3
z sz qz3 0 2
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 X :w , Y w , z Y a, z w z w .  .  . .4 4 1 0 2 2 3
 X :s w , c w , Y a, z w ; z , z w . .4 1 2 0 2 3
X :sE w , Y w , z Y Y a, z w , z w , 3.23 .  .  . . z sz qz32 4 1 1 3 2 2 2 3 3 0 2
and
wX , Y Y a, z w , z w z w : .  . . .4 4 4 1 0 2 2 3
X :sE w , Y Y a, z w , z Y w , z w . 3.24 .  .  . . z sz qz32 4 1 4 1 3 2 2 2 3 3 0 2
Then
 X :w , Y a, z Y w , z w z w .  .  . .4 4 1 0 2 2 3
 X :y w , Y w , z Y a, z w z w .  .  . .4 4 1 0 2 2 3
z y zX 1 2y1s E w , Res z d Y a, z Y w , z .  .32 4 z 1 1 1 3 /1 z
=Y w , z w . ;2 2 2 3
z sz qz3 0 2
z y zX 2 1y1yE w , Res z d Y w , z .32 4 z 1 1 3 /1 yz
=Y w , z Y a, z w .  . ;2 2 2 1 3
z sz qz3 0 2
X :yE w , Y w , z Y Y a, z w , z w .  . . z sz qz32 4 1 1 3 2 2 2 3 3 0 2
z y z z q z1 2 3 4y1 y1s E Res Res z d z d32 z z 1 /  /1 4 z z1
X := w , Y Y a, z w , z Y w , z w .  . . z sz qz4 1 4 1 3 2 2 2 3 3 0 2
z q zX 0 4y1s E w , Res z d Y Y a, z w , z . .32 4 z 1 4 1 3 /4 z
=Y w , z w . ;2 2 2 3
z sz qz3 0 2
z q z X0 4y1s Res z d w , Y Y a, z w , z w z w . : .  . . .z 4 4 4 1 0 2 2 3 /4 z
3.25 .
This gives rise to the commutator formula which implies commutativity.
Next, we prove associativity. Let k be a positive integer so large that
k kz y z Y a, z Y w , z s z y z Y w , z Y a, z . 3.26 .  .  .  .  .  .  .1 2 1 2 2 2 1 2 2 2 2 1
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Since
z y z z q z­ ­ ­ ­1 2 2y1 y1y z d s y z d s 0, 3.27 .1 /  / /  /­ z ­ z z ­ z ­ z z2 2 1
we obtain
z y z z y z1 2 1 2y1 yz ­ r­ z .qz ­ r­ z . y10 0 2z d s e z d /  /z z
z y z y zy1 1 2 0s z y z d . 3.28 .  .0  /z y z0
Similarly we have
yz q z yz y z q zy12 1 2 0 1y1z d s z y z d . 3.29 .  .0 /  /z z y z0
 .  .  .  .Then using 3.22 , 3.26 , 3.28 , and 3.29 we obtain
wX , z k Y a, z Y w , z w z w : .  .  . .4 4 1 0 2 2 3
z y zX 1 2y1 ks E w , Res z d z Y a, z Y w , z .  .32 4 z 1 1 1 3 /1 z
=Y w , z w . ;2 2 2 3
z sz qz3 0 2
z y zX 2 1y1 kyE w , Res z d z Y w , z Y w , z .  .32 4 z 1 1 3 2 2 2 /1 yz
=Y a, z w . ;1 3
z sz qz3 0 2
z y z kX 1 2y1s E w , Res z d z y z Y a, z Y w , z .  .  .32 4 z 1 2 1 1 1 3 /1 z
=Y w , z w . ;2 2 2 3
z sz qz3 0 2
z y z kX 2 1y1yE w , Res z d z y z Y w , z Y w , z .  .  .32 4 z 1 2 1 1 3 2 2 2 /1 yz
=Y a, z w . ;1 3
z sz qz3 0 2
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z y z kX1 2y1s Res z d E w , z y z Y a, z Y w , z .  .  .z 32 4 1 2 1 1 1 3 /1 z
=Y w , z w . :2 2 2 3 z sz qz3 0 2
z y z kX2 1y1yRes z d E w , z y z Y w , z Y a, z .  .  .z 32 4 1 2 1 1 3 1 /1 yz
=Y w , z w . :2 2 2 3 z qz yqz3 0 2
z y z y zy1 1 2 0s Res z y z d .z 0  /1 z y z0
kX=E w , z y z Y a, z Y w , z Y w , z w .  .  .  . :32 4 1 2 1 1 1 3 2 2 2 3 z sz qz3 0 2
yz y z q zy1 2 0 1yRes z y z d .z 0  /1 z y z0
kX=E w , z y z Y w , z Y a, z Y w , z w .  .  .  . :32 4 1 2 1 1 3 1 2 2 2 3 z sz qz3 0 2
s Res Ez 321
z y zy1 kX 1 3= w , z y z d z y z Y a, z Y w , z .  .  .  .4 0 1 2 1 1 1 3  /z y z0
=Y w , z w .2 2 2 3;
z sz qz3 0 2
yRes Ez 321
yz q zy1 kX 3 1= w , z y z d z y z Y w , z Y a, z .  .  .  .4 0 1 2 1 1 3 1  /z y z0
=Y w , z w .2 2 2 3;
z sz qz3 0 2
z q z kX 2y1s Res E w , z d z y z .z 32 4 1 1 2  /1 z1
=Y Y a, z y z w , z q z Y w , z w .  . .1 0 1 0 2 2 2 2 3;
s wX , z k Y Y a, z y z w , z w z w . 3.30 : .  .  . . .4 4 0 1 0 2 2 3
This proves associativity. Combining commutativity and associativity, we
obtain the Jacobi identity.
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Summarizing what we have proved we obtain
W4 .THEOREM 3.9. Let Y , Y be any intertwining operators of types1 2 W W1 5
W5 .and , respecti¨ ely. Then there is a weak V-module W and two intertwin-W W2 3
W W4 .  .ing operators Y , Y of types and , respecti¨ ely, such that3 4 W W WW1 2 3
X :E w , Y w , z Y w , z w .  . z sz qz12 4 1 1 1 2 2 2 3 1 0 2
 X :s w , Y Y w , z w , z w 3.31 .  . .4 4 3 1 0 2 2 3
 . X Xfor any w g W i s 1, 2, 3 , w g W .i i 4 4
 .  .Let W , F and W , F be tensor products of ordered pairs12 12 12, 3 12, 3
 .  .  .  .W ,W and W , W , respectively. Let W , F and W , F be1 2 12 3 23 23 1, 23 1, 23
 .  .tensor products of ordered pairs W , W and W , W , respectively.2 3 1 23
Taking W s W and W s W , then combining Theorem 3.9 with4 1, 23 5 23
Proposition 3.2, we obtain the following proposition.
PROPOSITION 3.10. Suppose that W is a weak V-module in the category D.
Then there is a V-homomorphism f from W to W such that12, 3 1, 23
 X :w , fF F w , z w , z w . .4 12, 3 12 1 0 2 2 3
X :s E w , F w , z F w , z w 3.32 .  .  . . z sz qz12 4 1, 23 1 1 23 2 2 3 1 0 2
 . X Xfor w g W i s 1, 2, 3 , w g W .i i 4 1, 23
  ..   ..Let W , F ?, z and W , F ?, z be tensor products of ordered12 12 12, 3 12, 3
 .  .pairs W , W and W , W , respectively. For any w g W , w g W , we1 2 12 3 2 2 3 3
 .   .. 4define f w , w ; z , z g Hom W , W z , z as2 3 1 2 C 1 12, 3 1 2
 X :w , f w , w ; z , z w .4 2 3 1 2 1
12  X :s E w , F F w , z y z w , z w . . .4 12, 3 12 1 1 2 2 2 3
k z2r si i Äs z z f , 3.33 . 1 2 i  /z1is1
for any w g W , wX g W X . Set1 1 4 12, 3
f w , w ; z , z s f w , w , z zyny1 3.34 .  .  .2 3 1 2 n 2 3 1 2
ngC
for any w g W , w g W . Then it follows from the assumptions that2 2 3 3
 .there exists a real number h such that f w , w , z s 0 whenevern 2 3 l
Re n ) h.
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 .PROPOSITION 3.11. For w g W , w g W , n g C, f w , w , z g2 2 3 3 n 2 3 1
o .G W , W .r 1 12, 3
Proof. For any n g C, we can prove as in Proposition 3.6 that
 .  . X Xf w , w , z satisfies the axiom Gr1 . Let w g W , w g W . Thenn 2 3 1 1 1 4 12, 3
 X :w , f w , w ; z , z L y1 w .  .4 2 3 1 2 2
s E12 wX , F F L y1 w , z y z w , z w : . . .4 12, 3 12 1 1 2 2 2 3
­ X12  :sE w , F F w , z w , z w . .4 12, 3 12 1 0 2 2 3 /­ z0 z sz yz0 1 2
­ X12 :s E w , F F w , z w , z w . .4 12, 3 12 1 0 2 2 3­ z1 z sz yz0 1 2
­ X :s w , f w , w ; z , z w . 3.35 .  .4 2 3 1 2 1­ z1
 .  .This implies that f w , w , z satisfies the axiom Gr2 . For any a g V,n 2 3 1
n g C, let k be a positive integer such that
f w , w , z s 0 whenever Re h ) k q n; 3.36 .  .h 2 3 1
z k Y a, z F w , z w s z kF Y a, z y z w , z w ; 3.37 .  .  .  . .12 1 2 3 12 2 1 2 3
z k Y a, z F w , z w s z kF Y a, z y z w , z w , 3.38 .  .  .  . .12 , 3 2 3 12, 3 2 2 3
for any w g W , w g W . Then we obtain1 1 12
3k X :z w , Y a, z f w , w ; z w .  .4 n 2 3 1 1
n 3k X :s Res z z w , Y a, z f w , w ; z , z w .  .z 2 4 2 3 1 2 12
2k
2 kyi2k Xnqi k :s Res zyz z z w , Y a, z f w , w ; z , z w .  .  .z 2 2 4 2 3 1 2 12  /i
is0
k
2 kyi2k Xnqi k :s Res zyz z z w , Y a, z f w , w ; z , z w .  .  .z 2 2 4 2 3 1 2 12  /i
is0
k
2 kyi2k nq i ks Res z y z z z .z 2 22  /i
is0
X12 :=E w , F Y a, z y z F w , z w , z w .  . . z sz yz4 12, 3 2 12 1 0 2 2 3 0 1 2
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k
2 kyi2k nq i ks Res z y z z z .z 2 22  /i
is0
X12=E w , F F Y a, z y z y z w , z w , z w : . . . z sz yz4 12, 3 12 2 0 1 0 2 2 3 0 1 2
k
2 kyi2k nq i ks Res z y z z z .z 2 22  /i
is0
X12=E w , F F Y a, z y z w , z w , z w : . . . z sz yz4 12, 3 12 1 1 0 2 2 3 0 1 2
2k
2 kyi2k nq i ks Res z y z z z .z 2 22  /i
is0
X12=E w , F F Y a, z y z w , z w , z w : . . . z sz yz4 12, 3 12 1 1 0 2 2 3 0 1 2
s Res z 3k z nE12z 22
X= w , F F Y a, z y z w , z w , z w : . . . z sz yz4 12, 3 12 1 1 0 2 2 3 0 1 2
3k n X :s Res z z w , f w , w ; z , z Y a, z y z w .  .z 2 4 2 3 1 2 1 12
3k X :s z w , f w , w ; z , z Y a, z y z w . 3.39 .  .  .4 2 3 1 2 1 1
 .  .  .Then f w , w , z satisfies the axiom Gr3 . Thus f w , w , z gn 2 3 1 n 2 3 1
 .G W , W .r 1 12, 3
As in Lemma 3.7 we have
LEMMA 3.12. For a g V, m g Z, w g W , w g W we ha¨e2 2 3 3
a ( f w , w ; z , z s f w , a w ; z , z .  .m r 2 3 1 2 2 m 3 1 2
` m my jq z f a w , w ; z , z . 3.40 .  . 2 j 2 3 1 2 /j
js0
Proof. For any w g W , wX g W X , we have1 1 4 12, 3
 X :w , a ( f w , w ; z , z w . .4 m r 2 3 1 2 1
 X :s w , a f w , w ; z , z w .4 m 2 3 1 2 1
`
m X myiy w , z f w , w ; z , z a w : . 4 1 2 3 1 2 i 1 /i
is0
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X12 :sE w , a F F w , z w , z w . . z sz yz4 m 12, 3 12 1 0 2 2 3 0 1 2
`
m X12 myiy E w , z F F a w , z w , z w : . . 4 1 12, 3 12 i 1 0 2 2 3 /i
z sz yzis0 0 1 2
X12 :sE w , F F w , z w , z a w . . z sz yz4 12, 3 12 1 0 2 2 m 3 0 1 2
` m X12 myjq E w , z F a F w , z w , z w . : . 4 2 12, 3 j 12 1 0 2 2 3 /j
js0 z sz yz0 1 2
`
m X12 myiy E w , z F F a w , z w , z w : . . 4 1 12, 3 12 i 1 0 2 2 3 /i
z sz yzis0 0 1 2
 X :s w , f w , a w ; z , z w .4 2 m 3 1 2 1
` m X12 myjq E w , z F F w , z a w , z w . : . 4 2 12, 3 12 1 0 j 2 2 3 /j
js0 z sz yz0 1 2
` ` m j 12q E   /  /j ijs0 is0
X myj jyi= w , z z F F a w , z w , z w : . .4 2 0 12, 3 12 i 1 0 2 2 3
z sz yz0 1 2
`
m X12 myiy E w , z F F a w , z w , z w : . . 4 1 12, 3 12 i 1 0 2 2 3 /i
z sz yzis0 0 1 2
 X :s w , f w , a w ; z , z w .4 2 m 3 1 2 1
` m X myjq w , z f a w , w ; z , z w . 3.41 : .  . 4 2 j 2 3 1 2 1 /j
js0
Then the lemma follows immediately.
It follows from Lemma 3.12 that the space M linearly spanned by all
 . o .f w , w , z is a weak submodule of G W , W . Then we obtain an 2 3 1 r 1 12, 3
W12 , 3 .  .natural intertwining operator I ?, z of type such that1 W M1
I w , z A s A z w for any w g W , A g M . 3.42 .  .  .1 1 1 1 1
 .   .. 4Next we define a linear map I ?, z from W to Hom W , M z as2 2 C 3
I w , z w z s f w , w ; z , z 3.43 .  .  .  . .2 2 2 3 1 2 3 1 2
for any w g W , w g W .2 2 3 3
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 .PROPOSITION 3.13. The map I ?, z is an intertwining operator of type2
M ..W W2 3
 .Proof. Since there exists a real number h such that f w , w , z s 0n 2 3 1
 .  .  .whenever n ) h, I ?, z satisfies the axiom I1 . Let w g W i s 1, 2, 3 ,2 i i
wX g W X . Then we have4 12, 3
 X :w , f L y1 w , w ; z , z w . .4 2 3 1 2 1
X12 :sE w , F F w , z L y1 w , z w .  . . z sz yz4 12, 3 12 1 0 2 2 3 0 1 2
X12 :sE w , F L y1 F w , z w , z w .  . . z sz yz4 12, 3 12 1 0 2 2 3 0 1 2
­X12yE w , F F w , z w , z w . .4 12, 3 12 1 0 2 2 3 ; /­ z0 z sz yz0 1 2
­X12sE w , F F w , z w , z w . .4 12, 3 12 1 0 2 2 3 ; /­ z2 z sz yz0 1 2
­X12yE w , F F w , z w , z w . .4 12, 3 12 1 0 2 2 3 ; /­ z0 z sz yz0 1 2
­ X12 :s E w , F F w , z w , z w . .4 12, 3 12 1 0 2 2 3­ z2 z sz yz0 1 2
­ X :s w , f w , w ; z , z w . 3.44 .  .4 2 3 1 2 1­ z2
 .This gives the L y1 -derivative property. To prove the Jacobi identity, as
in Proposition 3.8 we prove the commutator formula and the associativity.
For a g V, we have
 X :w , Y a, z I w , z w z w .  .  . .4 2 2 2 3 1 1
 X :y w , I w , z Y a, z w z w .  .  . .4 2 2 2 3 1 1
 X :s w , Y a, z I w , z w z w .  .  . .4 2 2 2 3 1 1
z q z X1 3y1  :yRes z d w , I w , z w z Y a, z w .  .  . .z 4 2 2 2 3 1 3 1 /3 z
 X :y w , f w , Y a, z w ; z , z w . .4 2 3 1 2 1
 X :s w , Y a, z f w , w ; z , z w .  .4 2 3 1 2 1
z q z X1 3y1  :yRes z d w , f w , w ; z , z Y a, z w .  .z 4 2 3 1 2 3 1 /3 z
X12  :yE w , F F w , z w , z Y a, z w .  . . z sz yz4 12, 3 12 1 0 2 2 3 0 1 2
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X12 :sE w , Y a, z F F w , z w , z w .  . . z sz yz4 12, 3 12 1 0 2 2 3 0 1 2
z q z1 3y1yRes z dz  /3 z
X12=E w , F F Y a, z w , z w , z w : . . .4 12, 3 12 3 1 0 2 2 3 z sz yz0 1 2
X12 :yE w , F F w , z w , z Y a, z w .  . . z sz yz4 12, 3 12 1 0 2 2 3 0 1 2
z q zX 2 312 y1s E w , Res z d 4 z  /3 z
=F Y a, z F w , z w , z w .  . . ;12 , 3 3 12 1 0 2 2 3
z sz yz0 1 2
z q z1 3y1yRes z dz  /3 z
X12=E w , F F Y a, z w , z w , z w : . . .4 12, 3 12 3 1 0 2 2 3
z sz yz0 1 2
z q zX 2 312 y1s E w , Res z d 4 z  /3 z
=F F w , z Y a, z w , z w .  . . ;12 , 3 12 1 0 3 2 2 3
z sz yz0 1 2
z q z z y zX2 3 3 4y1 12 y1qRes z d E w , Res z dz 4 z 0 /  /3 4z z0
=F F Y a, z w , z w , z w . . .12 , 3 12 4 1 0 2 2 3;
z sz yz0 1 2
z q z1 3y1yRes z dz  /3 z
X12=E w , F F Y a, z w , z w , z w : . . .4 12, 3 12 3 1 0 2 2 3
z sz yz0 1 2
z q z X2 3y1  :s Res z d w , f Y a, z w , w ; z , z w . .z 4 3 2 3 1 2 1 /3 z
z q z q zX 2 0 412 y1qE w , Res z d 4 z  /4 z
=F F Y a, z w , z w , z w . . . ;12 , 3 12 4 1 0 2 2 3
z sz yz0 1 2
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z q z1 3y1yRes z dz  /3 z
X12=E w , F F Y a, z w , z w , z w : . . .4 12, 3 12 3 1 0 2 2 3
z sz yz0 1 2
z q z X2 3y1  :s Res z d w , f Y a, z w , w ; z , z w . .z 4 3 2 3 1 2 1 /3 z
z q zX 1 412 y1qE w , Res z d 4 z  /4 z
=F F Y a, z w , z w , z w . . . ;12 , 3 12 4 1 0 2 2 3
z sz yz0 1 2
z q z1 3y1yRes z dz  /3 z
X12=E w , F F Y a, z w , z w , z w : . . .4 12, 3 12 3 1 0 2 2 3
z sz yz0 1 2
z q z X2 3y1  :s Res z d w , f Y a, z w , w ; z , z w . .z 4 3 2 3 1 2 1 /3 z
z q z X2 3y1s Res z d w , I Y a, z w , z w z w .3.45 : .  .  . . .z 4 2 3 2 2 3 1 1 /3 z
This proves the commutator formula. Let k be a positive integer such that
z k Y a, z F u , z w s z kF Y a, z y z u , z w ; 3.46 .  .  .  . .1 1 12, 3 2 3 1 12, 3 1 2 2 3
z k Y a, z F ¨ , z w s z kF Y a, z y z ¨ , z w 3.47 .  .  .  . .1 1 12 2 3 1 12 1 2 2 3
for any u g W , ¨ g W . Then we obtain12 1
k X :z w , Y a, z I w , z w z w .  .  . .4 2 2 2 3 1 1
X12 ksE w , z Y a, z F F w , z w , z w : .  . . z sz yz4 12, 3 12 1 0 2 2 3 0 1 2
z q z1 3y1 kyRes z d zz  /3 z
X12=E w , F F Y a, z w , z w , z w : . . .4 12, 3 12 3 1 0 2 2 3 z sz yz0 1 2
X12 ksE w , z F Y a, z y z F w , z w , z w : .  . . z sz yz4 12, 3 2 12 1 0 2 2 3 0 1 2
z q z1 3y1 kyRes z d zz  /3 z
X12=E w , F F Y a, z w , z w , z w : . . .4 12, 3 12 3 1 0 2 2 3 z sz yz0 1 2
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X12 ksE w , z F F w , z Y a, z y z w , z w : .  . . z sz yz4 12, 3 12 1 0 2 2 2 3 0 1 2
z y z y z2 412 y1qRes E z dz 0  /4 z0
X k= w , z F F Y a, z w , z w , z w : . . .4 12, 3 12 4 1 0 2 2 3 z sz yz0 1 2
z q z1 3y1 kyRes z d zz  /3 z
X12=E w , F F Y a, z w , z w , z w : . . .4 12, 3 12 3 1 0 2 2 3 z sz yz0 1 2
X12 ksE w , z F F w , z Y a, z y z w , z w : .  . . z sz yz4 12, 3 12 1 0 2 2 2 3 0 1 2
z q z q z0 2 412 y1qRes E z dz  /4 z
X k= w , z F F Y a, z w , z w , z w : . . .4 12, 3 12 4 1 0 2 2 3 z sz yz0 1 2
z q z1 3y1 kyRes z d zz  /3 z
X12=E w , F F Y a, z w , z w , z w : . . .4 12, 3 12 3 1 0 2 2 3 z sz yz0 1 2
X12 ksE w , z F F w , z Y a, z y z w , z w : .  . . z sz yz4 12, 3 12 1 0 2 2 2 3 0 1 2
s z k wX , I Y a, z y z w , z w z w . 3.48 : .  .  . . .4 2 2 2 2 3 1 1
 .This proves the associativity. Therefore I ?, z is an intertwining operator.2
By Propositions 3.1 and 3.13 we obtain
PROPOSITION 3.14. Assume that M is in category D. Then there is a
V-homomorphism g from W to W such that1, 23 12, 3
12 X :E w , F F w , z y z w , z w . .4 12, 3 12 1 1 2 2 2 3
 X :s w , gF w , z F w , z w 3.49 .  .  .4 1, 23 1 1 23 2 2 3
 X Xfor w g W i s 1, 2, 3, w g W .i i 4 12, 3
THEOREM 3.15. Let V be a ¨ertex operator algebra and D equals to either
 . 1 .C V or C V and W , W , W weak modules in D. Assume that the tensor1 2 3
products W s W G W , W s W G W , W s W G W , W12 1 D 2 23 2 D 3 12, 3 12 D 3 1, 23
s W G W exist such that the con¨ergence and extension property for1 D 23
products and iterates hold. Also assume that W and M are in D. Then the
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V-homomorphisms f and g gi¨ en by Proposition 3.10 and 3.14 are isomor-
phisms between W and W . That is, the tensor products for W , W , W1, 23 12, 3 1 2 3
are associati¨ e.
Proof. Let g* : W X ª W X be the adjoint map of g. Then by Propo-12, 3 1, 23
sition 3.14 we have
12 X :E w , F F w , z y z w , z w . .4 12, 3 12 1 1 2 2 2 3
 X :s g*w , F w , z F w , z w .  .4 1, 23 1 1 23 2 2 3
for w g W and wX g W X . In Proposition 3.10 replacing wX by g*wX wei i 4 12, 3 4 4
obtain
 X :g*w , fF F w , z y z w , z w . .4 12, 3 12 1 1 2 2 2 3
 X :s E g*w , F w , z F w , z w . .  .12 4 1, 23 1 1 23 2 2 3
Thus
12 X :E E w , F F w , z y z w , z w . .12 4 12, 3 12 1 1 2 2 2 3
 X :s w , gfF F w , z y z w , z w . . .4 12, 3 12 1 1 2 2 2 3
It is obvious that the operator E E12 is identity as the analytic continua-12
tion of a multivalued complex function is unique. This implies that
 X :w , F F w , z y z w , z w . .4 12, 3 12 1 1 2 2 2 3
 X :s w , gfF F w , z y z w , z w . . .4 12, 3 12 1 1 2 2 2 3
 Since W is linearly spanned by the coefficients of F F w ,12, 3 12, 3 12 1
. .  .  . Xz w , z w for w g W i s 1, 2, 3 see Lemma 2.2 and w , w are0 2 2 3 i i i 4
arbitrary we conclude that fg s 1. Similarly, gf s 1.
Recall Remark 2.5.
 .  .THEOREM 3.16. Let V be a ¨ertex operator algebra such that 1 C V is
 .  .  .semi-simple, 2 C V has only finitely many simple objects, 3 Fusion rules
 .among any three modules are finite, 3 Any finitely generated weak module is
 .an ordinary module, 4 The con¨ergence and extension property for products
 .and iterate hold. The C V is a tensor category, that is the tensor product of
any two modules exists and the tensor product is associati¨ e.
Proof. The existence of tensor product of any two modules is given in
w x  .HL1]HL4, L3 cf. Remark 2.5 . By Theorem 3.16 it remains to show that
 .  . 0 . 0 .both W and M are in C V . By assumption 3 , G W , W and G W , Wl 1 2 r 1 2
are ordinary V-modules. So are W and M.
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w xTheorem 3.16 has been proved in H1 using Huang]Lepowsky's ap-
proach to the tensor product.
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